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Some Modficiations in Method of Improving the Orbits of
Artificial Earth Satellites

A. S. SocHILINA

A method involving the use of a rotating system of coordinates is proposed for improving

the orbital elements of artificial satellites.

HE problem of orbit improvement amounts to the deter-

mination of the system of elements that best fits the ob-
servations. The orbits of artificial satellites can be improved
by using any of the classical methods of orbit correction de-
veloped for the study of the motion of celestial bodies.

Let us use the method set forth in M. ¥. Subbotin’s Course
i Celestial Mechanics (1941) under the designation of
“second method.” The basic formulas that determine the
position of a satellite («,8) on the celestial sphere are

z — X = p cosd cosa
y — Y = pcosd sina 0
z— Z = psind

P=—-XP+ -+ (- 2)?

where p is the distance from the observer to the satellite,
z,y,2 are the rectangular geocentric coordinates of the satel-
lite, and X,Y,Z are the coordinates of the observing station.
By differentiating and transforming formulas (1), we obtain
the equations of condition connecting the rectangular-
coordinate corrections with the deviations of the calculated
positions of the body (c.,6.) from the observed positions
(OZD, 60) M

p coséda = —sinadz + cosady @
pdd = —sind cosadr — sind sinady 4 cosddz
where dz,dy, and dz are expressed in terms of the partial
derivatives of the rectangular coordinates z,y,z with respect
to the orbital elements, as follows:

tor, M, the mean anomaly at time &, w the argument of peri-
gee, ¢ the angle of eccentricity (related to the eccentricity
by the formula ¢ = sing), and n the diurnal motion of the
satellite. The correction of the orbital elements reduces to
the calculation of these partial derivatives and to the deter-
mination of the corrections of the elements d2, di, ete., by
the method of least squares.

The special feature of the “second method” consists in the
fact that the rectangular coordinates of the celestial body
z,9,2, as well as the corresponding formulas for #,7,2, are ex-
pressed in terms of the frue anomaly by the formulas:

z = r{cosu cosQ — sinu sinQ cost)

y = r(cosu sinQ -+ sinu cos() cost) 4)
2z = r siny cost
u=v4+ w
r = a cos?e
"1 + sine cosv
or
x = rsing sin(4d + w)
y = rsind sin(B + u) (5)
z = rsine sin(C + u)
& = nd[sing cos(4A + u)sece + sina cos(4 + w) tane]
¥ = nalsinb cos(B + u)seco + sinb cos(B + w) tang] (6)
2 = nalsine cos(C + w)sece + sinc cos(C + w) tane]

where d is the semimajor axis of the orbit.

dx—g’fdwr%d +—dMo+a—xdw+a—xd<p+%dn
dw Q¢ on
- % % g+ OV % %y %y
dy = 5609 + 5f di + 5y e dMo+ S5 do + SF do + o dn 3)
oz oz oz 0z
dz—a—QdQ—I——dz-l— dMo+awdw+a—<pd¢+a—ndn

where Q is the longitude of the ascending node from the
point of vernal equinox, ¢ the orbit’s inclination to the equa-

Translated from Byulleten Instituta Teoreticheskoi Astronomii
(Bulletin of the Institute of Theoretical Astronomy) 9, no. 1
(104), 11-14 (1963). Translated by Scripta Technica, Inec,
New York.

Using formulas (5) and (6) we obtain the expression for
the partial derivatives in terms of the true anomaly. These
formulas can be found in M. F. Subbotin’s Course in Celestial
Mechanics.*

However, it is rather inconvenient to use these formulas
in practice owing to their unwieldiness. The formulas
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,

can be greatly simplified by a particular choice of coordinate
axes.

Let us direct the OX axis at the ascending node of the
orbit ©, and not at the point of vernal equinox, as customary
in classical methods. The direction of the other axes is left

unchanged.
Then formulas (1) and (4) assume the form

z — X = pcosd cos{a — D)

y— Y = pcosd sin{fa — Q) )

2 — Z = psind

= X2+ - V)t ¢~ 2y
T = T COSU
Yy = 7 cost siny
2z = r ging sinu ®)
a cos?ep

"= 1 + sine cosv
The coordinates X,Y,Z of the observing station will be
determined in the new system by the formulas

X = R cose’ cos(s — Q)

Y = R cose’ sin(s — Q) 9)
Z = Rsing’

R*= X2 4 Y24 22

where ¢’ is the geocentric latitude of the point of observation
and s the local sidereal time.

Let us note that in this system the coordinates z,y,2 of the
satellite do not depend on node Ilongitude. However, this
element enters the coordinates X,Y,Z of the observing sta-
tion. Therefore, not z,y,2, but 2-X, y~Y, and 2-Z have to
be differentiated with respect to the orbital elements. In
this case, formulas (3) assume the form

X ox or

dix - X) = dQ—{- MdM°+&,d“’+
0

oz do + éiv dn
¢

dty — Y) —-—dﬂ—(—ayd + 5o dMo-l-bydw-f-

Az — %) —9~Zd9+—d + 535 dMo+%dw+

Y
The formulas for the differential coefficients of di,dM,,dw,

d o, and dn can be obtained from the corresponding coefficients
of the second method by setting @ = 0, ¢ = n/2, b = (n/

2 +ve=1,4=7/2,B=0C=0.
Here are the formulas for the coefficients of all the elements:
oX oY AZ
50 = -Y 30 X 50 = 0
o oy oz
% 0 w7 %Y
oz & a . . .
A == [smu + sin g sinw]
R T ]
5M; = " cose cosu + sing cosw
% 2oL ot ]
S, n  cose cosu + sing cosw (11)
9z/0w = —r sinu dy/dw = r cost cosu
92/0w = r gint cosu
Az /O0p = —alsinusinE 4 cosep cosw]
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dy/O0¢ = § cost[cosu sinE — cose sinw)

A2/d¢ = asint[cosu sinE — cose sinw]
2 re)

d/on ———(t-—to) 5%_—@—50)—
2 oz

2
o A A =
where ¢ is the moment of observation of the satellite.

The problem is completely solved by substituting the
formulas for the coefficients (11) in the equations of condi-
tion, which are written in the new system of coordinates in
the form

p cosdd(a — Q) = —sin(a — Qdr +

cos(a — Q)dy + p cosddd
pdd = —sind cos(a — Qdzr —
sind sin{e — Q)dy + cosddz
Formulas (10), (11), and (12) were listed without deriva-
tion in one of our earlier papers (Batrakov and Sochlhna,) 1
The obtained formulas can be somewhat modified by using
the identities
X cos(a — Q) + Y sin{fe — Q) 4+ pcosé =
z cos(a — Q) + ysin(a — Q) as3)
Y sinéd cos(a — @) — X sind sin(e — Q) =
y sind cos(a — Q) — z sind sin{a — Q)
Then, the differential coefficients X and Y of dQ in formulas

(11) can be replaced by z and y, respectively, and formulas
(12) assume the form

p cosdda = —sin(a — Qdz + cos(a — Q)dy

12)

- (14)
pdd = —sind cos(a — Q)dz — sind sin(a — Q)dy + cosddz

The elements of a satellite vary quite rapidly due to the
earth’s oblateness and atmospheric drag. Therefore, the
chosen system of coordinates is a moving one; it rotates
together with the node of the satellite’s orbit.

In computing the coefficients of the equations of condi-
tion, the instantaneous values of the satellite elements are
taken, i.e., the values at the moment of observation. The
perturbations of the elements are calculated by analytic
formulas, obtained by wvarious authors: Proskurin and
Batrakov,? Zhongolovich,? Kozai,® and others.

The effect of atmospheric drag on satellite motion can be
accounted for most simply by introducing empirical terms.
Since the drag has maximal effect on the diurnal motion of
the satellite, we shall give the formula for the differential
coefficients of these additional terms only. Suppose = is
represented in the form

n = ny + 2n'(t — &) -+ 3m"(t — t)? (15)

Then the coefficients of the corrections dn’ and dn” are
written in the form:

2 [ 4
a—n-,=[;(t—to)—-3—n$](t—to)

%:_%(t—to)—é%y](t—to)
L _% (t—to)—%zz:l -t 16)
- :i' (t——to)—;x] t — )
2 :i (t—to)—%z](t—to)z
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The formulas for the empirical terms of other elements
can be obtained analogously.

In conclusion we would like to express deep gratitude to
Yu. V. Batrakov for valuable advice relating to the present
work.
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Decay of Shock Waves in Stationary Flows

O. S. RyzHOV

THE asymptotic laws of extinction of nonstationary shock
waves at great distances from the point of explosion were
found by Landau,! Khristianovich,? Sedov,® and Whitham?*
on the assumption that the medium is homogeneous (uni-
form). A study of the propagation of shock waves in a non-
uniform moving medium in the realm of geometrical acoustics
was carried out in the work of Keller.® Articles by Gubkin,®
Otterman,” Polianskii,® and the author® are devoted to a
refinement of the acoustical theory in which the nonlinear
nature of the gasdynamic equations is not taken into account.

The laws of extinction of weak shock waves in steady-state
supersonic flows have been studied less. They were estab-
lished by Landau! and Whitham for plane-parallel and
axially symmetric uniform flows. The behavior of plane
shock waves was studied in the work of Friedrichs!! with
a higher degree of accuracy in second approximation.

The present work explains the main features of the develop-
ment of shock waves of small amplitude in nonuniform steady-
state supersonic flows; the width of the perturbed region of
flow is assumed small as compared with the radius of curva-
ture of the density jump and with the distance at which the
parameters of the initial medium change essentially. On the
basis of the investigation, it was proposed that each small
element of the perturbed region in first approximation may
be examined as a nonstationary Rieman wave carried laterally
by the uniform flow. The laws of the variation of the param-
eters of the medium at the shock fronts may be then used with
the method similar to that used by Landau.! It appears,
however, that the results obtained in Ref. 9 for nonstationary
shock waves moving in a nonuniform medium cannot be
applied directly for a computation of steady-state supersonic
flows. The cause for this is included in the different laws
determining the variation of the width of the perturbed region
in steady-state and nonstationary processes.

1. The initial system of gasdynamic equations may be
written

bvi l@ . bpvi
vi ax,- + p bx.— =9 bx,

(1.1)
vi(0s/0z:)= 0 p = p(p,9)

Translated from Zhurnal Prikladnoi Mekhaniki i Tekhniches-
koi Fiziki (Journal of Applied Mechanics and Technical Physics),
No. 6, 36—43 (1961). Translated by Richard M. Holden,
Medford, Mass. This paper was reviewed for publication by
Joseph B. Keller, Professor of Mathematics, New York Univer-
sity.

Here v;, gi, , p, and s designate the velocity components
of the flow and of the mass forces, pressure, density, and
entropy at the point with the rectangular coordinates zi,
respectively. 'The usual tensor notation of the sums is used
according to the repeating subscripts 7, j, which take on the
values 1, 2, 3.

Subsequently, we shall examine only supersonic flows.
The required system of equations (1.1) will then be of the
hyperbolic type. The equation which determines the Ci-
characteristic surfaces ¢(2:;) = 0 of this system, may there-
fore be written

vin; +a =0 a = V/(dp/0p), (1.2)

Here a is the speed of sound and n; the components of the
normal to these surfaces, for which the following formula
holds:

O/ 0
Ny = —————e
V(0¢/0;)?
The system of gasdynamic equations (1.1) on the Cy-
characteristics takes on the form
P} Qv;
(v + any) a—i + ap(adi; + nav;) o, = PO
(1.3)

0
s

1 whent¢ =g
0 when 7 = j

Il

Equation (1.3) contains the derivatives of the sought func-
tions only along the Ct-characteristic surfaces.

We proceed to a study of the behavior of weak shock waves
in a nonuniform flow. We consider that, in an unperturbed
state, the pressure po, the density po, the speed of sound ag,
and the velocity components of the flow v, are given as func-
tions of the coordinates z;. Because of the smallness of the
amplitude of the density jump, the relative variations of all
the gas parameters at its front are small. Therefore, we
assume

p=p+p p=po+p
a=a + a v = o + v’

Here p’, p’, o/, and v’ are the excess pressure, density,
speed of sound, and velocity components of the particles in
the region of perturbed flow. The dimensionless values



